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wave velocity relative to the gas, and the duct is assumed to
behave as a half-wave resonator. Therefore, the product of
the measured frequency and twice the duct length does not
yield the average wave velocity, but rather this latter quantity
multiplied by a factor of (1 — M2). For a resonant frequency
of 730 cps, a duct length of 2 ft, and an average wave velocity
of 3360 fps, the Mach number as determined from the pre-
vious equations is 0.367. Since the nozzle entrance Mach
number on the motors used in these tests is 0.45, and the duct
length includes the convergent portion of the nozzle, the
average Mach number as determined from the resonant fre-
quency appears to be reasonable.

It is obvious that for low Mach numbers and large contrac-
tion ratios the effect on the resonant frequency is small, but
as the Mach number increases, the reduction in natural or
resonant frequency increases. If one has a beforehand
knowledge of the wave velocity relative to the gas, say 3360
fps, and uses simple acoustic theory (M = 0), the resonant
frequency for a 2-ft chamber would be 840 cps. As the
Mach number is increased to 0.367, a 13% decrease in
resonant frequency is noted.

An important conclusion to be derived from the foregoing
discussion is that acoustic theories will not give accurate
quantitative results of the analysis of wave oscillations in
rocket motors, especially those having small contraction ratios
with resultant high Mach number profiles.
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Stagnation Equilibrium Layer in
Nonequilibrium Blunt-Body Flows
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Introduction

IN 1962, Swigart1 introduced a novel technique for analyzing
in viscid perfect gas flows over blunt bodies in hypersonic

flight. The present investigation makes use of this techni-
que to study nonequilibrium flows, and in this paper atten-
tion is drawn to the equilibrium layer that exists near the
body. Before pursuing this point any further, a brief dis-
cussion of the method is included.

The technique in question has been called the method of
successive truncations. Its framework is a scheme of sys-
tematic approximations where each approximation is rendered
solvable by truncation of infinite series. These series are
expansions of the flow variables in powers of the curvilinear
coordinate leading away from the axis of symmetry of the
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Fig. 1 Circular-cylindrical coordinate system.

flow. Thus, for the plane flow field behind a circular-cylin-
drical shock, Swigart works with the stream function and:
density (if/ and p) which are expanded as (see Fig. 1)

t(r,ff) = &(r) sin0 + &(r) sin30 + 0 (sin50) (la)'

p(r,0) = Pl(r) + p»(r) sin*0 + 0 (sin40) (Ib)

The assumption is made that this representation for \// and p
is valid for all 0 of interest. Then, substitution of the ex-
pansions into the governing partial differential equations and
equating of like powers of sin0 yields sets of ordinary differen-
tial equations for the quantities ^-, pi. The first-order set,
or first-order problem, is defined by two ordinary differential
equations for \f/i, pi, and p2. The appearance of p2 in the first-
order problem is due to the ellipticity of the governing partial
differential equations and brings about the necessity for
some other means of determining p2. One such means is
truncation of expansions (1) at the first term, i.e., setting
P2 = O.f This renders the first-order problem solvable, but
also introduces an approximation in the results. A similar
situation occurs in higher-order problems, which are also
solved by truncation, thereby creating the successive-ap-
proximation character of the method in question.

In the method of successive truncations, each truncation
level can be regarded as postulating the 0 variation of the flow
variables and solving for the r variation. In this light, it is
obviously desirable to make a good guess for the 0 variation
[i.e., assume the proper form for expansions (1)]. This has
the double effect of giving good results locally and extending
the 0 range of validity of the particular truncation being
solved. It is presently suggested that this is not easy to do
when the density is used as a variable, since density is ex-
pected to be nearly constant in the immediate vicinity of the
shock and to vary as (cos0)2/T near the body according to the
Newtonian approximation. It is clear that no single func-
tion of 0 will represent the proper density variation both near
the shock and near the body. This is perhaps the reason for
the poor results exhibited in the first truncation of Ref. 1 for
the case at hand (flow behind a circular-cylindrical shock).
Here the density behavior at the shock was retained, as can be
seen from expansion (Ib) in which the first term is inde-
pendent of 0. On the other hand, a variable that is much
more accurately expressible as a function of r times a function
of 0 is the pressure, which can be expanded as

p(r,6) = cos20 + 0 (sin20) (2)

which exhibits the cosinusoidal-square variation that is
actually expected both near the shock and near the body in
hypersonic flow. It is suggested that the use of expansion
(2) rather than (Ib), by exploiting a characteristic of the
actual flow behavior, sets the basis for a meaningful first
truncation to which successive approximations contribute
only in a relatively minor way. This situation is not ex-
pected to change in the nonequilibrium case, which was then
analyzed using the preceding ideas. First-truncation non-
equilibrium results are discussed in the remainder of this
paper.

f An alternative to this is the device used by Kao.2
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Analysis

The gas model that was adopted for chemically relaxing
flow consists of a mixture of inert N2 and reacting oxygen for
which the following reactions are considered :

02 + C^20 + C
where C represents 02, 0, and N2 with the appropriate rate
constant kc for each reaction. Vibrational degrees of free-
dom of the diatomic molecules are considered in equilibrium
with translation and rotation. Under the previous condi-
tions the chemical state is represented by a single variable,
the degree of dissociation a equal to the mass of atomic oxygen
divided by the total mass of oxygen. It is felt that this is a
simple and yet faithful model for air under conditions such
that nitrogen dissociation is negligible.

The flow properties are governed by the physical conserva-
tion equations for inviscid, nondiffusive flow, together with
the equations of state and chemical rate equation. These
equations can be manipulated in a number of ways. Follow-
ing the reasoning set forth in the introduction, the problem
was cast in the form of four partial differential equations for
the stream function ^, the pressure p, the degree of dissocia-
tion a, and the temperature T, which were expanded as
follows :

0.005

t(r,e) = ^i(r) sin0

p(r}B) = pi(r) cos20

a(r,ff) = ai(r) cos20

T(r,ff) = Ti(r) cos20

0 (sin30)

0 (sin20)

0 (sin20)

0 (sin20)

The method of truncations then reduces the problem to that
of solving a set of four ordinary differential equations for \f/i,
pi, di, and Ti. These equations were solved numerically,
employing a standard predictor-corrector machine program.
A complete case runs for about 30 sec in the IBM 7090.

Results
Results were obtained for an altitude of 30 km and flight

speed of 4.3 km/sec. To the first-truncation approximation,
shock wave and body are concentric circular cylinders of radii
R and rb, respectively. Several nonequilibrium regimes were
obtained by changing the scale of the flow field. For large R,
the chemical relaxation time is small compared with a charac-
teristic flow time, and the flow approaches equilibrium. For
small R the reverse is true, and the flow approaches frozen
conditions. Typical results are shown in Fig. 2 plotted vs
the coordinate X = R — r. For present purposes, attention
is drawn to the region near the body.

It is not difficult to imagine that, in flows that are nearly
frozen with respect to a characteristic flow time, there may
be embedded regions where the velocity approaches zero and
in which the flow can "unfreeze." One such region is the
stagnation point of a blunt body. Here the velocity ap-
proaches zero and the local residence time becomes very
large as compared with a characteristic flow time. If the
ratio of local residence time to chemical relaxation time be-
comes finite, the nearly frozen approaching flow will react
toward equilibrium. Such a reaction does take place near
the stagnation point, in a narrow region that might be called
the equilibrium layer. A detailed study of this layer is a
somewhat more difficult task.

The method of truncations, in dealing with ordinary dif-
ferential equations, facilitates the study of the equilibrium
layer to a large extent. Blunt-body methods that rely on
schemes for integration of partial differential equations find
the integration mesh size dictated by stability or similar con-
siderations. In contrast, ordinary differential equations can
be integrated with high resolution, a decided advantage in in-
vestigating localized phenomena such as the stagnation
equilibrium layer. However, and in spite of the extremely
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Fig. 2 First-truncation temperature and degree of disso-
ciation for an altitude of 30 km and flight speed of 4.3 km/
sec. Values shown are for the stagnation streamline.

X/R = 0 is at the shock, and all curves end at the body.

small step size afforded by the method of [truncations, gra-
dients in the equilibrium layer become so large that straight-
forward integration to the body must stop short of the wall.
In order to shed more light on the problem, a new point of
view was needed. This was provided by a transformation
that changes the role of the variables so that temperature be-
comes the independent variable. This transformation was
found to expose the layer for closer study since, in terms of
the new variable, all slopes remain of order one or less through
the layer, and integration can be carried out to the wall with
high accuracy.

Some features of the inner structure of the layer are shown
on Fig. 3. In terms of the transformed variables the equi-
librium layer appears as a region, very near the body surface,
of creeping motion and constant pressure where chemical re-
laxation proceeds up to final equilibrium at the wall. In-
spection of the transformed equations shows that through the
layer both velocity and velocity variations are small quanti-
ties, and pressure variations are of even higher order.

If the equilibrium layer is defined as the region dominated
by large gradients in the temperature, density, and degree of
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Fig. 3 Qualitative behavior of the flow variables in the
equilibrium layer as a function of temperature.
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Fig. 4 Equilibrium-layer thickness for edge located where
(R/Too) = -100.

dissociation fields, a thickness for the layer can be defined as
the distance from the body surface at which the slope becomes
greater than an arbitrarily set value. When this is done, the
thickness <5 shows a consistent pattern as shown on Fig. 4.
The thickness is zero in the frozen limit (R = 0), exhibits a
maximum somewhere in the nonequilibrium regime, and
approaches zero asymptotically in the equilibrium limit
(R -> oo ). This implies that the surface equilibrium layer is
present throughout the entire nonequilibrium regime, with
large slopes and large over-all changes near the frozen limit,
and still large slopes but vanishing over-all changes as the
equilibrium limit is approached (see Fig. 2).

Conclusions and Suggestions for Future Research

Large temperature, density, and degree of dissociation
gradients are present near the stagnation region in blunt-
body, nondiffusive, nonequilibrium flows in what may be
called an equilibrium layer. The dominant features in this
layer are small velocity and velocity variations and even
smaller (higher-order) pressure variations. This essentially
uncouples the dynamics and. chemistry of the flow. The
equilibrium layer appears, then, as a thin region of constant-
pressure chemical relaxation where the degree of dissociation
varies almost linearly with temperature. The layer appears
to persist throughout the nonequilibrium regime, with vanish-
ing over-all changes in the flow properties as the equilibrium
limit is approached, and large over-all changes as the frozen
limit is approached. In the frozen limit, the layer has zero
thickness and the behavior at the wall could perhaps be
analyzed locally by means of the powerful modern techniques
for dealing with singular perturbation problems.

It is suggested that the method of truncations may provide
a good tool for studying the interaction between viscous ef-
fects and the equilibrium layer throughout the nonequilibrium
flow regime. A situation to some extent similar to the
equilibrium layer occurs in the flow of transparent radiating
gases,3 where the long local residence time near the stagnation
point is responsible for the gas radiating all of its energy
away. The effect of radiation on the equilibrium layer may
be another area of interest for future research.

In the present investigation the equilibrium layer was
computed near the stagnation point. Its development and
behavior along the body are open to further research.

In near-frozen flows changes in entropy along streamlines
are small. However, the stagnation streamline and neighbor-
ing streamlines undergo drastic chemical reactions in the
equilibrium layer. The subsequent entropy gain is expected
to persist along the body in a layer similar to the entropy
layer due to bluntness. The study of such a layer may also
prove to be of interest for future research.
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Experimental Convective Heat-Transfer
Measurements
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A N extensive series of stagnation-point heat-transfer ex-
-£*- periments has recently been completed at the Jet Pro-
pulsion Laboratory (JPL). The purpose of these investiga-
tions was to determine the range of uncertainties in convective
heat transfer due to the limited knowledge of the atmospheres
of the near planets. Three atmospheric models were investi-
gated: 9% C02, 90% N2, 1% A; 100% C02; and 65% C02)
35% A. The Model Atmosphere I is thought to be the
most likely composition of the Venus atmosphere. Model
Atmosphere II is one of the extremes of the Mars atmosphere.
A comparison of these two atmospheres allows general con-
clusions to be reached regarding carbon dioxide and nitrogen
atmospheres. Model Atmosphere III investigated the effect
of argon in the Mars atmosphere as indicated by Kaplan.1
All measurements were made in the JPL hypervelocity shock
tube.2 Calorimeter heat-transfer gages3 were used on 1- and
2-in. hemispherical cylinders.

The experimental results for Model Atmosphere I are given
in Figs. 1 and 2. Since there is only 9% C02 present in the
mixture, it was thought fruitful to make a comparison with
Avco air data.4 For this particular model atmosphere the
convective heat transfer does not differ greatly from that of
air. A further comparison is given with General Electric
data5 in Fig. 2 for essentially the same atmosphere (9% C02,
91% N2). Excellent agreement is indicated by the data.

The experimental results for Model Atmosphere II, 100%
C02, are given in Fig. 3. A comparison is given with the
JPL Model I data. The general trend of the 100% C02 data
is of the order of 10% higher than the 9% C02 data. Data
from both 2- and 1-in. hemispherical cylinders are shown. It
is clear that the data scale as expected. A further compari-
son with data recently presented by Nerem6 et al. is given. J

In Fig. 4 is presented the data for the Model Atmosphere
III. It is believed that this is the first experimental data
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Fig. 1 Comparison of 9% CO2 data with Avco air data.
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